Matrix and Determinant

Use the Crammer’s rule to discuss the consistency of the following system of

equation for different cases of A:

x+y+iz=1
X+Ay+z=2A
AX+y+z=2

a P 1 1

Let A= , B= where o # 1.
0 1 0 1

(a) Prove that for all positive integer n,

o B!an — 1)

Al = a-—1
0 1

(b) (i) Find BA.

(ii) Use (a), or otherwise, evaluate (BA)", for n € N,

1 1 1
(a) Factorize  F(o,B,y)=|a B Y.
2 2 2
a” BTy

(1+ax)?  (1+bx)?  (1+cx)?
(b) Showthat |(1+ay)® (1+by)*> (1+cy)?| =kF(xyz) F(ab,c)
(1+az)>  (1+bz)*  (1+cz)?

where k is a constant to be found, and hence factorize the determinant.



If n is the least positive integer such that A" is a zero matrix, then A is said to be
nilpotent of order n.

Given A is a nilpotent of order n.

(a) (i) Evaluate (1—A)(1+A+A2+...+An‘1) and

(I+A){[—A+A2 —...+(—1)n-1An—1}

(i) Hence, or otherwise, express (I—A) " and (I— A" in terms of A.

M) Let A=|5 2 6

(i) Evaluate A* and A’

(i) Using (a), or otherwise, find (I—A) " and (I- A%

2 1 3
Let A= |0 -2 1
1 0 2

(a) Find A’-2A*’-7A+1 wherelis the identity matrix of order 3 x 3.

(b) Using (a), evaluate (A—1)(A*—A—81I).
(¢) Hencefind (A’-A-81)7"

Find the equation of the image of the curve :

5x2 —2\/§xy+7y2 -4=0

. . . . Sm . .
if the curve is under the rotation transformation through an angle s anti-clockwisely

about the origin.

Hint : The formula for rotating anti-clockwisely by an angle 0 is

()= (058 ~sm9y )



1 1 A
A=[1 L 1l==(A-1(L+2)
A1 1
1 1 A I 1 A 1 1 A
Ay=lh A 1=—A+1)'(A-17, A, =[1 A& Ij=—(-1), A =l & 1l=(r+1)A-1)
Yol NV A1l
Conclusions :
ja If r = 1, -2, A=0. .. The system has unique solution:
(L +1) 1 |
(x v )= S L2l
A+2 A+2  A+2
g If » = 1, A=A,=Ay=A, and the system of equation becomes x+y+z=1.

The system of equation has infinitely many solutions:

(X:yaz):(xlaKZ:l_xl_x2)~

(i) If L = -2, A= 0 , A=#0, A#0, A,#0.

The system is inconsistent and has no solution.

o B(a“—l)
(a) Let P(n) be the proposition: AT = 0 Otl—l
o B al B(al_l)
For P(1), A'=[ ): o—1 |- o P(1)is true.
0 1
0 1
o B
Assume P(k) istrue forsome keN, ie. AT= 0 Otl—l (1)
ak B(ak_l) o B
For P(k+1), AT =A% A= 0 Otl—l 0 1) , by(D.
k
-1
| o OLkB+B(a )
- a—1
0 1
K+ (lkB((l—l)+B((lk—l) k+1 B(ak+l_l)
_|a |l _
- a-—1 - a—1
0 1 0 1

P(k+ 1) istrue.

(b) BA:[; D[‘;‘ ?}(z Bflj (BA)“:((; B1+1)“= o %



1 1 1|R,>R,-oR,J1 1 1 ;
-a Y-o

(@ F(a,B,y)=la B vy = 0 B-a y—a |=
o B IR SR -aR.J0 pB-w) yy-af PP T

=B-a)y-a)  |=B-a)y—a)y-B)=(a-B)B-1)v-o)

1 1
B vy
(b) Method 1

(1+ax)’ (1+bx)" (I1+cx)’| [l+2ax+a’x? 1+2bx+b>x> 1+ 2cx+c’x?
(1+ay)’ (1+by)’ (I+cy)’|=[1+2ay+a’y’ 1+2by+b*y’ 1+2cy+c’y’
(1+az)® (1+bz)® (I+cz)’| |1+2az+a’z> 1+2bz+b*2> 1+2cz+c’Z’

1 2x x*|1 1 1 1 x x|1 1 1
=1 2y ylla b c|= 21y yla b ¢
1 2z Z'|la*> b* ¢’ 1 z Z*a* b> ¢*

=2F(x,v,2z) F(a, b, ¢)

=2(x-y)(y-2)(z-x)(a=b) (b—c)(c—a)

Method 2

Let A be the given determinant.

Put x=y in A, Since R;=R;,A=0 and (x-y) isafactorof A.
Put y=z in A, Since R;=R;,A=0 and (y-z) isafactorof A.
Put z=x in A, Since R3=R;,A=0 and (z—x) isafactorof A.

Put a=b in A, Since C;=C,,A=0 and (a—b) isafactorof A.
Put b=c in A, Since C,=C3,A=0 and (b—c) isafactorof A.
Put c=a in A, Since C3=C;,A=0 and (c—a) isafactorof A.

A=kF(x,y,z) F(a,b,c)=k(x—-y)(y—2)(z—x) (a—Db) (b—c) (c—a).

@ () (I-AT+A+A*+ . +A"'=I-A"=1-0=1 (since A"=0)
I+ Af-A+A’ = +(-)""A™} =1+ (1)"A"=1-0=1 (since A"=0)

(i) A-A)'=I+A+AZ+. . +A™
I+A) ' =I-A+A*— ..+ ()" 'A™!
I-AY' =I+A+A+ . +A"H[I-A+A*— .+ (=])"'A™]
=T+A%+ A+ L+ AD

[T+ A?+A*+ ..+ A", whenniseven
I+ A2+ A*+..+ A" ,whennisodd

0 0 0 000
®d @G A*=[3 3 9 AP=[0 0 0
-1 -1 -3 000

(ii) By(b) (i), A isanilpotent matrix of order 3.
By (a) (ii), (I-A)'=1+A+A*



1 00y (2 1 3y(0 0 0 2 1 3
=0 1 0[+/0 -2 1]+/3 3 9|=/8 6 15
001)1 0 2)\-1-1-3-3 -2 -5
By (a) (ii), (I-A%" =1+A?
1 00y (0 0 0 1 0 0
=01 0|+/3 3 9|=[3 4 9
1) (-1 -1 =3) (-1 -1 -2

7 0 13 27 7 47
(@) A’=|1 4 0] A=l2 -7 7
41 7 15 2 27

AP 2AT - TA+1

27 7 47 7 0 13 2 1 3 (1 00y (000
=2 -7 71-2/1 4 0[-70 =2 1|+|/0 1 0|=|0 0 0
15 2 27 4 1 7 1 0 2) oo 1)looo0
b) A-DA*-A-8]) =A’-2A"-TA+8I=(A’-2A"-T7A+D)+71 by a).
700
_l0o 70
00 7
1 3
2 a_ o1
(¢ By(), (A°—A-8I'= —I=—[0 -3 1
7 7
0 1
cos57t sinsn
= oosint | B
The matrix of rotation = S?t 5765 =—[ 3 j_j
sin— cos? 201 -3

o8}
|
—

@ :%(_1 ﬁj@

Equation of the image is:
1 ? 1 1 1 :

5 E(_ x/gx'+y') ~243 E(_ \/EX'+y') 5(— X'—x/gy') +7 E(_ X'—\/Ey') -4=0

Simplify, we get 16(x’)* +32 (y’)’ =16 =0

(x’)?+2(y’)*=1 ,an ellipse.
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